It is shown that for a function f : [a, b] × R → R which is measurable with respect to the first variable and upper semicontinuous quasicontinuous and increasing with respect to the second variable there exists a Caratheodory's solution y(x) = y 0 + x x 0 f (t, y(t))dµ(t) of the Cauchy problem y (x) = f (x, y(x)) with the initial condition y(x 0 ) = y 0 . There is constructed an example which indicate to essentiality of condition of increasing and give the negative answer to a question of Z. Grande.
Introduction
According to Scorza Dragoni's classical theorem [4] , for a function f : [a, b] × [c, d] → R which is measurable with respect to the first variable and continuous with respect to the second variable and for every ε > 0 there exists a set A ⊆ [a, b] × [c, d] such that µ(([a, b] × [c, d]) A) < ε and the restriction f | A is jointly continuous. In particular, f is an (L)-sup-measurable, that is for every measurable function ϕ : [a, b] → [c, d] the function f (x, ϕ(x)) is measurable. This property plays an important role in the Caratheodory Differential Equations Theory (see [1] ) and was developed by many mathematicians (see [5] , [3] and the literature given there). The next result was obtained by Z. Grande in recent paper [2: Theorem 2.6]. Theorem 1.1. Let a bounded function f : R 2 → R satisfy the following conditions:
(1) for every x ∈ R the vertical section f x : R → R is quasicontinuous and upper semicontinuous;
(2) there exists a countable dense in R set B such that for every y ∈ B the horizontal section f y : R → R is Lebesgue measurable. Then f is an (L)-sup-measurable function.
In [2] Z. Grande posed the following question in the connection with Theorem 1.1. [2] ). Let a locally bounded function f : R 2 → R satisfy conditions (1) and (2) of Theorem 1.1. Does there exist a Caratheodory's solution of the Cauchy problem y (x) = f (x, y(x)) with the initial condition y(x 0 ) = y 0 ?
In this paper we give a more general variant of Theorem 1.1 and apply it to show that under more general assumptions than in Question 1.1 there exists a unique maximal weak variant of Caratheodory's solution of the Cauchy problem. This implies the positive answer to Question 1.1, if all vertical sections f x are increasing. Moreover, we construct an example showing the essentiality of condition of increasingness and give the negative answer to Question 1.1, even when f depends on the second variable only and have the Darboux property.
Caratheodory's solution for functions with increasing vertical sections
For any function f : R 2 → R and for all x ∈ R and y ∈ R we put f x (y) = f y (x) = f (x, y).
The following theorem is a more general variant of Theorem 1.1.
Let a function f : R 2 → R satisfy the following conditions:
(1) there exists a set A ⊆ R with µ(R A) = 0 such that for every x ∈ A the vertical section f x : R → R is quasicontinuous and upper semicontinuous;
(2) there exists a dense subset B ⊆ R such that for every y ∈ B the horizontal section f y :
The function g satisfies the corresponding conditions (1) and (2). It follows from the proof of Theorem 2.6 from [2] that g is (L)-sup-measurable. Therefore, the function f (x, y) = tan(g(x, y)) is (L)-sup-measurable too. (2) there exists an everywhere dense set B ⊆ R such that for every y ∈ B the horizontal section f y : [a, b] → R is measurable;
Then for every y 0 ∈ R there exists an unique maximal absolutely continuous function z 0 : [a, b] → R in the set of all absolutely continuous functions z :
If, moreover, f satisfies the condition
P r o o f. We denote by C ϕ the set of all absolutely continuous functions z :
and z(a) = y 0 .
We show that F = ∅. Consider the function w :
is an absolutely continuous function, because ϕ is integrable. Moreover, w(a) = y 0 and
for every a ≤ x 1 ≤ x 2 ≤ b. Now we show that F has a maximal element. Let A ⊆ F be a linearly ordered set. We show that A is upper bounded in F. If A has a maximal element, then the statement is clear. Suppose that A has not any maximal element.
Note that z(x) ≤ y 0 + for every x ∈ A. Now by classical Lebesgue's theorem we have
Moreover,
Thus, every linearly ordered set A ⊆ F is upper bounded. Then, according to Kuratowski-Zorn Lemma, F has a maximal element z 0 .
We prove that z 0 is a unique. Let z 0 and u 0 be maximal elements in F. Suppose that z 0 = u 0 . For definiteness let a < x 1 < x 2 ≤ b be such that z 0 (x 1 ) > u 0 (x 1 ) and u 0 (x 2 ) > z 0 (x 2 ). Taking into account that u 0 (a) = z 0 (a) = y 0 we found a maximal x 3 ∈ [a, x 1 ) such that z 0 (x 3 ) = u 0 (x 3 ). We choose a minimal x 4 ∈ (x 1 , x 2 ) such that z 0 (x 4 ) = u 0 (x 4 ). Then z 0 (x) > u 0 (x) for all x ∈ (x 3 , x 4 ). We consider the function
Since u 0 , z 0 ∈ F, v ∈ F, which contradicts to the maximality of u 0 . Note that using upper semicontinuity of f with respect to y we can prove that max{z 0 , u 0 } ∈ F which implies the uniqueness z 0 too. Now we prove that z 0 (x) = y 0 + x a f (t, z 0 (t))dµ(t) if f satisfies condition (4) . We put v 0 (x) = y 0 + x a f (t, z 0 (t))dµ(t).
It follows from
Thus, v 0 ∈ F. Since z 0 is a maximal, z 0 = v 0 .
Example
] the set f (X) is an interval.
The following example shows that Question 1.1 has the negative answer even when f is a Darboux function with respect to the second variable. Moreover, this example shows that condition (4) in Theorem 2.2 is essential. 
We show that there exists x 0 > 0 such that y(x 0 ) > 0. Assume that y(x) ≤ 0 for all x > 0. Then according to (2) for all x > 0 we have y(x) =
x 0 f (y(t))dt = x, a contradiction.
We choose x 0 > 0 such that y(x 0 ) > 0 and find n 0 ∈ N such that y(x 0 ) > 
